A theoretical relationship is derived between the kinetics of normal grain growth and the size distribution of small grains. When the distribution of the normalized grain size r is proportional to r m around r ¼ 0 in a steady state, the grain growth exponent n is revealed to be m þ 1. The same relationship is also derived from the analysis of the mean field model for particle growth. The validity of this relationship is confirmed from the consistence with existing grain-growth models and numerical simulations. Experimental consistence is observed for the size distribution on sectional surface. It is found that a log-normal function is not a steady-state size distribution for normal grain growth with n ¼ 2, even though it may approximate experimental size distributions. The obtained relationship is also shown to be applicable to particle coarsening by Ostwald-ripening.
Introduction
Normal grain growth is defined as the uniform increase in the average grain size of a polycrystalline aggregate, due to the annihilation of small grains by grain boundary migration. The kinetics of normal grain growth is generally represented by
where t is the time, hRi is the average grain radius at t, hRi 0 is the initial value of hRi at t ¼ 0, n is the grain growth exponent and k is the kinetic coefficient. On normal grain growth, there have been extensive studies including the curvature-driven growth model, 1) diffusion-like growth model, 2) statistical analysis, 3) stochastic model 4) and numerical simulations. [5] [6] [7] [8] [9] [10] [11] [12] Despite a variety of the analyzing methods, most of the studies predict an n-value of 2, and thereby n ¼ 2 has widely been recognized as the theoretical grain growth exponent for normal grain growth. In those studies giving n ¼ 2, however, the obtained size distributions of grains in a steady state are various. Some models assert a log-normal function, 5, 13, 14) and others different functions. 1, 2) Despite the variety of the size distributions, the same n-value of 2 has been derived. In particular, a lognormal distribution of grain size has also been reported for some actual materials with n 6 ¼ 2.
15) It thus appears that there is no tight relationship between the grain growth exponent and the size distribution. Then, what is the effect of the size distribution on the grain growth kinetics? In the present study, we examine the theoretical relationship between the grain growth kinetics and the size distribution in a steady state. We show that the size distribution of small grains is directly related to the grain growth exponent, and that the relationship is available in both ideal and actual materials. We also show that the present analysis is applicable to particle coarsening by Ostwald-ripening.
Growth Kinetics by Grain Annihilation
Normal grain growth occurs eventually through the annihilation of small grains with 4-faces in a 3-dimensional (3D) polycrystalline structure. In the growth process, the number of faces for grains smaller than a critical grain size decreases gradually to 4, and finally to 0, namely, grain annihilation. The minimum number of faces available for 3D grains is 4. Although some grains can have 2-or 3-faces when they locate at grain boundaries or triple junctions, the probability seems to be extremely low so that the effect on the grain growth kinetics is negligible. Almost all of the grains with extremely small sizes are tetrahedra prior to annihilation.
According to the von Neumann-Mullins law, 16) when a grain boundary migrates with a driving force originating from its curvature, the growth rate dR 2 =dt of grains with radius R in a 2-dimensional (2D) polycrystalline structure depends solely on the number of the grain edges. Mullins 17) later extended the law to 3D, and derived an equivalent relation between the growth rate and the number of faces. Although the relation varies depending on the shape of the component polygonal faces, it holds for the mean value of grains with the same number of faces and was verified by a 3D simulation of grain growth. 12) Accordingly, for such ideal polycrystalline materials, the growth rate dR 2 =dt can be regarded as a constant for tetrahedra, independently of their sizes. Then, the grain radius R h , below which tetrahedra disappear during an infinitesimal time of Át, is obtained as R h 2 ¼ cÁt, where c is a constant. For both nano-grained and coarse-grained materials, the value of R h is the same and dependent only on Át, if the von Neumann-Mullins law holds.
The same concept can be applied to actual polycrystalline materials, where the driving force for grain boundary migration is generally unequal to the curvature of grain boundary. In actual polycrystalline materials, grain boundary migration is often controlled by solute-drag or by particlepinning. Even in these cases, however, normal grain growth occurs by the same way, namely, by the annihilation of small grains. Independently of the mechanism of grain boundary migration, there will exist the grain radius R h below which tetrahedra disappear during Át in a steady state, and the disappearance of the tetrahedra smaller than R h causes eventually grain growth. The only difference from the above ideal case is the relationship between R h and Át.
The number of grains disappearing during Át can be calculated from the size distribution. Here, we represent the normalized size distribution FðrÞ as ar m around r ¼ 0, where FðrÞ is the probability density function, r is R=hRi, and a and m are constants. As will be shown later, this function corresponds to a solution of the size distribution around r ¼ 0 in the mean field model, when the growth kinetics is represented by eq. (1). Since the grain size distribution FðrÞ is self-similar in a steady state, the normalized distribution holds the same form throughout the grain growth process. By supposing a steady-state grain growth, we cut down the detailed topological changes due to the grain annihilation. Then, the number of tetrahedra ÁN disappearing during Át is calculated by
where N is the total number of grains, and is the ratio of the number of grains with 4-faces to the number of all grains for R R h . In a steady state, is constant, if the size distributions for all classes of grains with more than 4-faces are represented as the same form ar m around r ¼ 0. Comparing ÁN with that at the initial stage ÁN 0 , we obtain
For the average grain radius hRi, we define
where V T is the total grain volume. For self-similar grain growth in three dimensions, conservation of the total grain volume gives a relationship of
and then, eq. (3) can be rewritten as
Another relationship between ÁN and hRi can be derived by differentiating eq. (4) and using eq. (5):
From eqs. (6) and (7), the ratio of the increment in the average grain radius at an arbitrary stage ÁhRi to that at the initial stage ÁhRi 0 is obtained as
Equation (8) is a general representation for the kinetics of normal grain growth relating to the grain-size distribution, independently of the mechanism of grain boundary migration. The relationship identical to eq. (8) is also obtained in two dimensions. Equation (8) can be compared with the differentiation of eq. (1):
Then, from eqs. (8) and (9), we consequently obtain
This relationship between n and m depends on the function FðrÞ defined around r ¼ 0, and hence different FðrÞ results in a different n-m relationship. Of the size distribution functions available to the present analysis, however, FðrÞ ¼ ar m around r ¼ 0 has a merit of simplicity and independency of the mechanism of grain-boundary migration. In the following, we give a physical basis to this function, by showing that eq. (10) can also be derived from the mean field model for growth kinetics of particles.
Mean Field Model
For describing the growth kinetics of grains, Hillert 1) adapted the classical mean field model for particle coarsening. According to the model, the growth law of an individual grain or particle can be represented in a generalized form as
where K is a constant, R c is the critical radius, and r c is R=R c . In eq. (11), the value of n is 2 and 3 for normal grain growth and particle coarsening by Ostwald-ripening, respectively. For grain growth in actual materials, the value of n in eq. (1) is generally larger than 2. Even in these cases, however, we consider that the equivalent mean field description can be given by eq. (11) . In other words, we consider that n can have an arbitrary value larger than 2, depending on the growth mechanism. Using eq. (11), dr c =dtð¼ G Ã Þ can be written as
where
Although the value of the ratio hRi=R c (¼ ¼ r c =r) depends on the size distribution, it is constant in a steady state. Thus, the value of v should be constant, in order for the growth kinetics of the mean field model to be represented by eq. (1). Using the analysis by Coughlan and Fortes, 18) the fraction of the number of grains disappearing during dt is obtained as
where Hðr c Þ is the probability density function with respect to r c . From this equation and the differentiation of eq. (4), we obtain
where ¼ 2 in two dimensions and ¼ 3 in three dimensions. Since FðrÞ ¼ Hðr c Þ and r c ¼ r, eq. (16) is the same form with FðrÞ ¼ ar nÀ1 shown in the previous section. The full description of Hðr c Þ for the whole range of r c was carried out by Hillert 1) and Rios 19) for normal grain growth (n ¼ 2), and by Brown 20) and Coughlan and Fortes 18) for particle coarsening by Ostwald-ripening (n ¼ 3). The mean field model is insufficient to describe detailed grain growth behavior. For example, 2D grains smaller than R c do shrink independently of the number of edges, which is contradictory to the von Neumann-Mullins law.
16) The mean field model, however, has widely been recognized to describe the general features of normal grain growth, including growth kinetics and size distribution. Hence, we consider that eq. (16) derived from the mean field model can provide the physical basis of the size distribution FðrÞ ¼ ar m employed in the previous section.
Comparison with Other Models and Experiments

Theoretical models
For parabolic grain growth (n ¼ 2), eq. (10) 
Rayleigh function 2) as a steady-state size distribution of grains was derived from the diffusion-like grain growth model where grains grow or shrink by random walk in the grain size-time space. Although the physical basis of the model is ambiguous, the obtained size distribution shows good consistence with some numerical simulations. 10, 11) The Rayleigh function Hðr c Þ is represented as 21) Hðr
In eqs. (17) and (18), r c can be replaced with r, using ¼ r c =r ¼ hRi=R c . From the definition of hRi in eq. (4), hRi
Hðr c Þdr c ), so that the value of is obtained from the relationship
Calculating numerically eq. (19) with eq. (17) or eq. (18), we obtain the -value of 0.985 or 0.898, respectively. Then, we can represent the size distribution FðrÞ in the Hillert's and Rayleigh functions, by replacing Hðr c Þ and r c with FðrÞ= and r, respectively. As illustrated in Fig. 1 , the Hillert's and Rayleigh functions that give n ¼ 2 follow the size distribution of m ¼ 1 around r ¼ 0, supporting the validity of eq. (10). As apparent in the above analysis, 3 2 r=4 ( ¼ 0:985) and 3 2 r ( ¼ 0:898) are also obtained as a first-order approximation around r ¼ 0 in three dimensions for the Hillert's and Rayleigh functions, respectively. In other words, the two functions satisfy the condition of m ¼ 1, which is necessary for retaining the steady-state size distribution with n ¼ 2. According to the mean field analyses, it is known that there are an infinite number of possible size distributions with different v-values in a steady state of grain growth 19) and of particle coarsening. 18, 20) We consider that the situation is similar to the different models on normal grain growth, because the Hillert's and Rayleigh functions, as well as the numerical simulations that will appear in Section 4.3, show various steady-state size distributions for the same growth kinetics (n ¼ 2). In addition to the size distributions predicted by the mean field model, there will also be an infinite number of possible steady-state size distributions for grain growth with a given n-value. Hence, in determining and evaluating the size distribution functions, eq. (10) can provide one of the criteria that should be satisfied in a steady state.
Log-normal function
Despite a lack of physical basis, a log-normal function has widely been used to describe experimentally-observed size distributions. [13] [14] [15] [22] [23] [24] The log-normal function as the steady-state size distribution can be represented as
where ' is the standard deviation and r m is the median of the distribution. Takayama et al. 25) calculated the value of r m in this equation to be expðÀ3' 2 =2Þ, for an array of tetrakaidecahedra.
The log-normal function, however, shows nonlinear dependence around r ¼ 0: the m-value increases steeply with decreasing r, as illustrated in Fig. 1 . Thus, the present analysis implies that the log-normal function does not represent the size distribution for normal grain growth with n ¼ 2. In order for this function to be a steady-state size distribution, the value of n should considerably be larger than 2. This situation may arise from the lack of physical basis. Although Kurtz and Carpay 14) tried to derive the physical origin of the log-normal function for normal grain growth, Atkinson 26) pointed out a critical mistake in their model. At present, ''the general applicability of the log-normal distribution to grain growth is not universally accepted'', as Atkinson 26) concluded. For the log-normal distribution, we should note the following critical point. If a log-normal function is the size distribution in a steady state, the corresponding grain growth exponent n should be fixed. Although a fixed n-value allows various size distributions, as mentioned in the previous section, the reverse case is not allowed. However, just the unallowable case has been the experimental size distributions fitted to the log-normal function, in materials with different n-values. [13] [14] [15] [22] [23] [24] Hence, to rationalize the log-normal function as a steady-state size distribution, it should not be derived from empirical curve fitting, but from theoretical analysis of normal grain growth.
Numerical simulations
Many numerical simulations on normal grain growth have yielded parabolic grain growth (n ¼ 2) and linear distribution of grain size around r ¼ 0. The linear distribution is illustrated in Fig. 2 , where the size distributions FðrÞ in the following simulations depend linearly on r for small grain sizes: the vertex model, 6, 10) 2D Monte Carlo model, 7) variational principle, 8) Surface Evolver program 9) and atomic jump model, 11) where n ¼ 2 has been obtained. A slightly increasing m-value with decreasing r in the 3D vertex model 6) may occur from insufficient data for such small grains.
The exception of the linear dependence appears for the 3D Monte Carlo simulation, 5) for which the size distribution is characterized with m ¼ 2:0 $ 3:0 for small grains, as shown in Fig. 2 . This m-value predicts n ¼ 3:0 $ 4:0 from eq. (10), and the prediction is consistent with n ¼ 2:6 $ 3:6 obtained in the 3D Monte Carlo simulation.
5) Hence, we can conclude that eq. (10) is valid for representing the relationship between the grain growth kinetics and the size distribution of small grains.
Here, we should discuss the valid range of FðrÞ ¼ ar m in comparing with measured size distributions. In a strict sense, the valid range must be extremely small around r ¼ 0, but it can be extended by using a first-order approximation. Let us consider a 2D case. In a steady state, it is known that the size distributions of all classes have an identical form. 14) For each class with the number of edges q, we assume that the size distribution can be approximated by FðrÞ ¼ ar m in the range r < r qp =2, where r qp is the normalized grain radius at which the size distribution of class q represents a peak. Defining r p as the normalized grain radius at which the entire size distribution of all classes represents a peak, we obtain a relationship of r qp =r p % " r r q = " r r in a steady state, where " r r q and " r r are the mean values of r q and r, respectively. Since the ratio r p = " r r is a constant close to 1 and " r r 3 is the smallest value for all classes, we can roughly estimate the applicable range to be r < " r r 3 =2. The ratio r p = " r r calculated for the Hillert's and Rayleigh functions is 1.13 and 0.80, respectively. According to experimental observations and numerical simulations, the value of " r r 3 is in the range 0:2 $ 0:4. 8, 10, 11, 14) This indicates that the applicable range of the function FðrÞ ¼ ar m is about r < 0:1. For reference, when the Hillert's and Rayleigh functions are approximated by 3 2 r=4 and 3 2 r around r ¼ 0, as in Section 4.1, the error at r ¼ 0:1 is 9.2% and 1.2%, respectively.
Experiments
The size distribution is known to vary depending on the measuring dimension. 24) Whereas Okazaki and Conrad 15) reported exceptional data for Ti, the distributions of the linear intercept length, the sectional grain area and the grain volume are generally different to each other. Among them, the distribution of the grain volume would be most meaningful, so that the experimental comparison of eq. (10) is preferable for the distribution of the volume-equivalent radius. Most size distributions measured in three dimensions, 15, [22] [23] [24] however, are not suitable for the present comparison. For example, in the distribution measured by Okazaki and Conrad 15) for Ti, the minimum value of r is about 0.5, and in the distribution by Takayama et al. 23) for Al, the minimum value of R is about 180 mm. Since the present analysis concerns the size distribution around r ¼ 0, these experimental distributions are not available owing to the lack of data for small grains.
We accordingly compare the present analysis with the distribution of the area-equivalent radius on the sectional surface of 3D polycrystalline materials. The observed distributions of the area-equivalent radius in actual materials show good consistence with the present analysis. For MgO, the size distribution obtained by Aboav and Langdon 27) may be rewritten in a normalized form as 21) FðrÞ ¼ 0:936 exp½À9:2524ð ffiffi r p À 0:
The grain growth exponent obtained by Gordon et al. 28) is 3, which corresponds to m ¼ 2 in eq. (10) . As shown in Fig. 3 , For Al containing 0.04 mass% Cr, the size distribution obtained by Takayama et al. 29) is shown in Fig. 3 , where size distributions obtained under four different annealing conditions are superposed. The size distribution of small grains is nearly consistent with that for MgO, and fitted well by FðrÞ ¼ 3:1r 2 (m ¼ 2). On the grain growth exponent, n ¼ 3 has been reported for pure Al, 30, 31) and we consider that the value would not be influenced so much by the addition of 0.04 mass% Cr. Although n ¼ 4:3 was obtained by curve fitting for this material, 29) re-analysis of the data shows that the growth behavior can also be explained by n ¼ 3. Thus, the experimental distributions of the area-equivalent radius are consistent with the present analysis.
Since the distributions of the area-and the volumeequivalent radii are generally different to each other, the experimental consistence on the sectional surface does not mean the validity of eq. (10) in three dimensions. As noted before, the experimental validity of eq. (10) should be verified from a comparison with the distribution of the volume-equivalent radius. The consistence shown in Fig. 3 may indicate, however, that the characteristics of the size distribution around r ¼ 0 are similar between the sectional surface and the 3D space for actual polycrystalline materials, providing that eq. (10) is correct. If so, the size distribution measured on the sectional surface can directly be related to the grain growth kinetics by using eq. (10),
Application to the Case of Ostwald-ripening
The present analysis has been conducted under the following conditions: (a) the total volume is conserved, (b) the growth kinetics is represented by eq. (1), (c) the size distribution of grains around r ¼ 0 is represented as ar m , and (d) there exists the grain radius R h below which grains with 4-faces disappear during Át in a steady state. These conditions may also be applied to Ostwald-ripening, where the coarsening of secondary phase particles occurs by the annihilation of small particles through diffusion. The only difference is that the value of is 1 in eq. (2), because all secondary particles are separated and have an identical shape in the particlecoarsening.
For Ostwald-ripening, theoretical models predicted various kinds of particle-size distributions for a steady state. Except for the early predictions by Lifshitz and Slyozov 32) and Wagner, 33) however, the distribution functions are similar to each other in recent models. [34] [35] [36] In particular, the size distributions for small particles have a similar form, and hence the difference between the models is quite small. For Ostwald-ripening, the predicted size distributions for small particles can be approximated by FðrÞ ¼ ar 2 , as illustrated in Fig. 4 . The approximation of ar 2 indicates a growth exponent (n) of 3 in eq. (1), which is just the theoretical n-value for Ostwald-ripening. The r 2 -dependency of the size distribution for small particles was also predicted in eq. (16) by the mean field analysis of Coughlan and Fortes.
18) Thus, we conclude that the present analysis is also applicable to the particle coarsening by Ostwald-ripening.
Conclusion
We analyzed the theoretical relationship between the kinetics of normal grain growth and the size distribution of small grains. The analysis reveals that the grain growth exponent n is equal to m þ 1, when the distribution of the normalized grain size r is proportional to r m around r ¼ 0. The physical basis of the size distribution r nÀ1 around r ¼ 0 has been derived from the mean field model for particle growth. Although an infinite number of size distributions can exist in a steady state, the relationship n ¼ m þ 1 provides the criteria which should be satisfied. Comparison of the relationship with other theoretical and empirical models shows that the Hillert's and Rayleigh distribution functions for small grains are consistent well with the present analysis, while the log-normal function does not represent the size distribution in the steady normal grain growth with n ¼ 2. The validity of the present analysis is also supported by the agreement with numerical simulations. Consistence is observed between the present analysis and the size distributions experimentally measured on the sectional surface of actual polycrystals. We also showed that the present relationship, n ¼ m þ 1, holds for particle coarsening by Ostwaldripening.
